
19 Îïåðàöèîííûé ìåòîä è åãî ïðèëîæåíèÿ
Ïðåîáðàçîâàíèå Ëàïëàñà ñòàâèò â ñîîòâåòñòâèå êîìïëåêñíîé ôóíêöèè

f (t) äåéñòâèòåëüíîé ïåðåìåííîé t ôóíêöèþ F (p) êîìïëåêñíîé ïåðåìåí-
íîé p = s+ is ñ ïîìîùüþ ñîîòíîøåíèÿ

F (p) =
∫∞
0
e−pt f (t)dt. (15)

Åñòåñòâåííî, ÷òî íå äëÿ âñÿêîé ôóíêöèè f (t) ýòîò èíòåãðàë èìååò ñìûñë.
Ïîýòîìó ìû íà÷íåì ñ îïðåäåëåíèÿ êëàññà ôóíêöèé f (t), äëÿ êîòîðûõ
äàííîå ïðåîáðàçîâàíèå çàâåäîìî ðåàëèçóåìî. Áóäåì ðàññìàòðèâàòü ôóíê-
öèè f (t), îïðåäåëåííûå äëÿ âñåõ çíà÷åíèé äåéñòâèòåëüíîé ïåðåìåííîé
−∞< t <∞ è óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

1. Ïðè t < 0 f (t)≡ 0.

2. Ïðè t > 0 ôóíêöèÿ f (t) íà ëþáîì êîíå÷íîì ó÷àñòêå îñè t èìååò íå
áîëåå ÷åì êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà ïåðâîãî ðîäà.

3. Ïðè t →∞ ôóíêöèÿ f (t) èìååò îãðàíè÷åííóþ ñòåïåíü ðîñòà, ò. å.
äëÿ êàæäîé ôóíêöèè ðàññìàòðèâàåìîãî êëàññà ñóùåñòâóþò òàêèå
ïîëîæèòåëüíûå ïîñòîÿííûå M è s, ÷òî äëÿ âñåõ t > 0

| f (t)|6 Mest .

Òî÷íàÿ íèæíÿÿ ãðàíü òåõ çíà÷åíèé s, äëÿ êîòîðûõ èìååò ìåñòî ýòî íåðà-
âåíñòâî, íàçûâàåòñÿ ïîêàçàòåëåì ðîñòà ôóíêöèè f (t).

Åñëè äëÿ ôóíêöèè f (t) âûïîëíÿåòñÿ ñîîòíîøåíèå | f (t)| 6 Mest , òî
ln | f (t)|

t
6 s + M

t
, îòêóäà ñëåäóåò, ÷òî ïîðÿäîê ðîñòà îïðåäåëÿåòñÿ ôîð-

ìóëîé s0 = lim
t→∞

ln | f (t)|
t

.

Îòìåòèì, ÷òî äëÿ ìíîãî÷ëåíà ïîêàçàòåëü ðîñòà ðàâåí 0, ò. å. ëþáàÿ
ñòåïåííàÿ ôóíêöèÿ ðàñòåò ìåäëåííåå ïîêàçàòåëüíîé.

Ôóíêöèÿ F (p), îïðåäåëåííàÿ ÷åðåç ôóíêöèþ f (t) ñ ïîìîùüþ ïðåîáðà-
çîâàíèÿ (15), íàçûâàåòñÿ èçîáðàæåíèåì Ëàïëàñà ôóíêöèè f (t). Ôóíêöèÿ
f (t) íàçûâàåòñÿ îðèãèíàëîì ôóíêöèè F (p). Ñâÿçü ôóíêöèé f (t) è F (p)
áóäåì ñèìâîëè÷åñêè îáîçíà÷àòü ñëåäóþùèì îáðàçîì:

f (t) : F (p) èëè F (p) : f (t).
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Äàëåå ìû âñþäó áóäåì îáîçíà÷àòü ÷åðåç f (t), g(t), . . . îðèãèíàëû è
÷åðåç F (p), G(p), . . . � èõ èçîáðàæåíèÿ:

F (p) =
∫∞
0

f (t)e−pt dt, G(p) =
∫∞
0
g(t)e−pt dt, . . .

Çàìåòèì, ÷òî èíòåãðàë (15) ÿâëÿåòñÿ íåñîáñòâåííûì èíòåãðàëîì, çà-
âèñÿùèì îò ïåðåìåííîé p êàê îò ïàðàìåòðà. Î÷åâèäíî, èíòåãðàë (15),
âîîáùå ãîâîðÿ, ñõîäèòñÿ íå ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà p. Ïîýòîìó
åñòåñòâåííî ïîñòàâèòü âîïðîñ îá îáëàñòè ñõîäèìîñòè èíòåãðàëà (15), à
òåì ñàìûì îá îáëàñòè îïðåäåëåíèÿ ôóíêöèè F (p).

Êðîìå òîãî, êàê ìû âèäåëè, íàèáîëåå âàæíûì êëàññîì ôóíêöèé êîì-
ïëåêñíîé ïåðåìåííîé ÿâëÿþòñÿ àíàëèòè÷åñêèå ôóíêöèè. Âûÿñíèì, ÿâëÿ-
åòñÿ ëè ôóíêöèÿ F (p) àíàëèòè÷åñêîé.

Òåîðåìà 16. Åñëè ôóíêöèÿ f (t) óäîâëåòâîðÿåò óñëîâèÿì, òî åå èçîá-
ðàæåíèå F (p) îïðåäåëåíî äëÿ âñåõ çíà÷åíèé p, äåéñòâèòåëüíàÿ ÷àñòü
êîòîðûõ ïðåâîñõîäèò ïîêàçàòåëü ðîñòà s ôóíêöèè f (t), è ÿâëÿåòñÿ àíà-
ëèòè÷åñêîé ôóíêöèåé ïðè óêàçàííûõ çíà÷åíèÿõ p.

Èçîáðàæåíèå ýëåìåíòàðíûõ ôóíêöèé. Ïîëüçóÿñü îïðåäåëåíèåì (15),
íàéäåì èçîáðàæåíèå ðÿäà ýëåìåíòàðíûõ ôóíêöèé äåéñòâèòåëüíîé ïåðå-
ìåííîé.

Ôóíêöèÿ Xåâèñàéäà. Ïóñòü

q(t) =




0 åñëè t < 0,

1 åñëè t > 0.

Òîãäà
q(t) : F (p) =

∫∞
0
e−pt dt =

1
p
. (16)

Ïîêàçàòåëüíàÿ ôóíêöèÿ

f (t) = elt .

Âû÷èñëÿÿ èíòåãðàë (15), ïîëó÷àåì:

F (p) =
∫∞
0
e−ptelt dt =

1
p−l ,
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elt : 1
p−l . (17)

Íåïîñðåäñòâåííî èç ñâîéñòâ èíòåãðàëîâ ïîëó÷àåì:
Ñâîéñòâî ëèíåéíîñòè. Äëÿ ëþáûõ (êîìïëåêñíûõ) ïîñòîÿííûõ a è b

a f (t) +bg(t) : aF (p) +bG(p).

Ha îñíîâàíèè ýòîãî ñâîéñòâà, íàïðèìåð, ñðàçó ïîëó÷àåì ñîîòíîøåíèÿ

sinwt =
eiwt − e−iwt

2i
: 1

2i

(
1

p− iw − 1
p+ iw

)
=

w
p2 +w2 . (18)

Àíàëîãè÷íî,
coswt =

p
p2 +w2 . (19)

Äèôôåðåíöèðîâàíèå îðèãèíàëà. Åñëè ôóíêöèÿ f (t) íåïðåðûâíà ïðè
t > 0 è f (n)(t) ÿâëÿþòñÿ îðèãèíàëàìè, òî

f (n)(t) : pnF (p)− pn−1 f (0)− pn−2 f ′(0)− . . .− f (n−1)(0),

ãäå ïîä f (k)(0) ïîíèìàåòñÿ ïðàâîå ïðåäåëüíîå çíà÷åíèå lim
t→+0

f (k)(t).
Â ñàìîì äåëå, ïåðåõîäÿ ê èçîáðàæåíèÿì è èíòåãðèðóÿ ïî ÷àñòÿì, ïî-

ëó÷àåì:

f ′(t) :
∫∞
0

f ′(t)e−pt dt = ( f (t)e−pt )
∣∣∞
0 + p

∫∞
0

f (t)e−pt dt.

Â ñèëó òîãî, ÷òî Re(p) = s > s0, ãäå s0 � ïîêàçàòåëü ðîñòà f (t), èìååì
| f (t)e−pt |6Me(s−s0)t è ïîäñòàíîâêà t =∞ äàåò íóëü, ïîäñòàíîâêà æå t = 0
äàåò, î÷åâèäíî, − f (0). Ïîýòîìó

f ′(t) : pF (p)− f (0). (20)

Â ÷àñòíîñòè, åñëè f (0) = 0, òî

f ′(t) : pF (p),

è äèôôåðåíöèðîâàíèå îðèãèíàëà ñâîäèòñÿ ê óìíîæåíèþ íà p åãî èçîá-
ðàæåíèÿ.

Ïðèìåíèâ ôîðìóëó (20) äâàæäû, ïîëó÷èì:

f ′′(t) = ( f ′(t))′ : p(pF (p)− f (0))− f ′(0) = p2F (p)− p f (0)− f ′(0)
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è ò. ä.
Äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ. Äèôôåðåíöèðîâàíèå èçîáðàæå-

íèÿ ñâîäèòñÿ ê óìíîæåíèþ íà −t îðèãèíàëà, èëè âîîáùå
F (n)(p) : (−1)ntn f (t).

Ïðîèçâîäíóþ àíàëèòè÷åñêîé ôóíêöèè F (p) â îáëàñòè åå îïðåäåëåíèÿ
Re p > s0 ìîæíî âû÷èñëÿòü, äèôôåðåíöèðóÿ ïîäûíòåãðàëüíóþ ôóíêöèþ
â íåñîáñòâåííîì èíòåãðàëå ïî ïàðàìåòðó p. Ïðîäåëàâ ýòî, ïîëó÷èì

F ′(p) =−
∞∫

0

t f (t)e−pt dt

Çàìåòèâ, ÷òî óìíîæåíèå ôóíêöèè f (t) íà ëþáóþ ñòåïåííóþ ôóíêöèþ tn
íå ìåíÿåò åå ñòåïåíè ðîñòà.

Ïðèìåð 14. Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ ñâîéñòâà îòìåòèì, ÷òî
èç ñîîòíîøåíèé (16) è (17) âûòåêàåò:

t(n) : n!
pn+1

, tnelt : n!
(p−l)n+1 ,

à èç ôîðìóë (18), (19):

t sinwt : 2pw
(p2 +w2)2

, t coswt : p2−w2

(p2 +w2)2
.

Òåîðåìà ñìåùåíèÿ. Äëÿ ëþáîãî êîìïëåêñíîãî l

elt f (t) : F (p−l)

(¾ñìåùåíèå¿ èçîáðàæåíèÿ íà l ðàâíîñèëüíî óìíîæåíèþ îðèãèíàëà íà
elt ).

Ïóñòü f (t) : F (p), Re p > s0, òîãäà, ôóíêöèÿ elt f (t), î÷åâèäíî, óäî-
âëåòâîðÿåò óñëîâèÿì ñóùåñòâîâàíèÿ èçîáðàæåíèÿ, êîòîðîå îïðåäåëåíî â
îáëàñòè Re p > s0 +Rel, è

elt f (t) :
∞∫

0

f (t)e−(p−l)t dt = F (p−l),

÷òî è òðåáîâàëîñü.
Â çàêëþ÷åíèå äàííîãî ïàðàãðàôà ïðèâåäåì òàáëèöó èçîáðàæåíèé ðÿ-

äà ýëåìåíòàðíûõ ôóíêöèé.
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Òàáëèöà îðèãèíàëîâ è èõ èçîáðàæåíèé

� Îðèãèíàë Èçîáðàæåíèå
ï/ï. ïî Ëàïëàñó

1 1
1
p

2 tn

n!
1

pn+1

3 elt 1
p−l

4 coswt p
p2 +w2

5 sinwt w
p2 +w2

6 tn

n!
elt 1

(p−l)n+1
7 elt coswt p−l

(p−l)2 +w2

8 elt sinwt w
(p−l)2 +w2

9 t coswt p2−w2

(p2 +w2)2

10 t sinwt 2pw
(p2 +w2)2

20 Îïðåäåëåíèå îðèãèíàëà ïî èçîáðàæåíèþ
Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ìåòîäû îïðåäåëåíèÿ îðèãèíàëà ïî

çàäàííîìó èçîáðàæåíèþ, à òàêæå ïðèâåäåì íåêîòîðûå äîñòàòî÷íûå óñëî-
âèÿ, ïðè êîòîðûõ çàäàííàÿ ôóíêöèÿ F (p) êîìïëåêñíîé ïåðåìåííîé p ÿâ-
ëÿåòñÿ èçîáðàæåíèåì ôóíêöèè f (t) äåéñòâèòåëüíîé ïåðåìåííîé t.

Âî-ïåðâûõ, îòìåòèì, ÷òî èìåþòñÿ ðàçëè÷íûå òàáëèöû èçîáðàæåíèé
íàèáîëåå ÷àñòî âñòðå÷àþùèõñÿ â ïðèëîæåíèÿõ ôóíêöèé, òàê ÷òî ïðè ðå-
øåíèè êîíêðåòíûõ çàäà÷ ÷àñòî óäàåòñÿ íàéòè â ñîîòâåòñòâóþùåì ñïðà-
âî÷íèêå âûðàæåíèå îðèãèíàëà äëÿ ïîëó÷åííîãî èçîáðàæåíèÿ.

Âî-âòîðûõ, ïðèâåäåííûå â ïðåäûäóùåì ïàðàãðàôå ñâîéñòâà èçîáðà-
æåíèé âî ìíîãèõ ñëó÷àÿõ ïîçâîëÿþò ðåøèòü è îáðàòíóþ çàäà÷ó ïîñòðî-
åíèÿ îðèãèíàëà ïî çàäàííîìó èçîáðàæåíèþ.

Îäíàêî âñå ýòè ìåòîäû, ïî ñóùåñòâó, ÿâëÿþòñÿ ìåòîäàìè ïîäáîðà. Îñ-
íîâíîé öåëüþ äàííîãî ïàðàãðàôà ÿâëÿåòñÿ èçëîæåíèå îáùåãî ìåòîäà ïî-
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ñòðîåíèÿ îðèãèíàëà ïî èçîáðàæåíèþ.
Íà÷íåì ñ òîãî ñëó÷àÿ, êîãäà ïî óñëîâèÿì çàäà÷è èçâåñòíî, ÷òî çà-

äàííàÿ ôóíêöèÿ F (p) êîìïëåêñíîé ïåðåìåííîé p ÿâëÿåòñÿ èçîáðàæåíè-
åì íåïðåðûâíîé êóñî÷íî-ãëàäêîé ôóíêöèè f (t) ñ îðãàíè÷åííîé ñòåïåíüþ
ðîñòà | f (t)| < Mest , ïðè÷åì çíà÷åíèå ïîñòîÿííîé s çàäàíî. Òðåáóåòñÿ ïî
çàäàííîé ôóíêöèè F (p) ïîñòðîèòü èñêîìóþ ôóíêöèþ f (t). Ýòà çàäà÷à ðå-
øàåòñÿ ñ ïîìîùüþ ñëåäóþùåé òåîðåìû.

Òåîðåìà 17. Åñëè ôóíêöèÿ f (t) ÿâëÿåòñÿ îðèãèíàëîì, à F (p) ñëóæèò
åå èçîáðàæåíèåì, òî â ëþáîé òî÷êå t, ãäå f (t) íåïðåðûâíà è èìååò êî-
íå÷íûå îäíîñòîðîííèå ïðîèçâîäíûå òî, ñïðàâåäëèâî ðàâåíñòâî

f (t) =
1
2pi

s+i∞∫

s−i∞
eptF (p)dp, (21)

ãäå èíòåãðàë áåðåòñÿ âäîëü ëþáîé ïðÿìîé Re p > s > s0 è ïîíèìàåòñÿ â
ñìûñëå ãëàâíîãî çíà÷åíèÿ.

Èíòåãðàë â ïðàâîé ÷àñòè ôîðìóëû (21) íàçûâàþò èíòåãðàëîì Ìåëëè-
íà.

Ïðèâåäåì åùå óñëîâèÿ, äîñòàòî÷íûå äëÿ òîãî, ÷òîáû çàäàííàÿ ôóíê-
öèÿ êîìïëåêñíîãî ïåðåìåííîãî F (p) ñëóæèëà èçîáðàæåíèåì íåêîòîðîãî
îðèãèíàëà.

Òåîðåìà 18. Åñëè ôóíêöèÿ F (p) êîìïëåêñíîé ïåðåìåííîé p = s + is
óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1. àíàëèòè÷íà â ïîëóïëîñêîñòè Re p > s0;

2. äëÿ âñåõ Re p = s > s0 àáñîëþòíî ñõîäèòñÿ èíòåãðàë

s+i∞∫

s−i∞
F (p)dp.1

1Èíòåãðàë ïðåäñòàâëÿåò ñîáîé íåñîáñòâåííûé èíòåãðàë ïåðâîãî ðîäà ïî ïðÿìîé Re p= s
îò äåéñòâèòåëüíîé ôóíêöèè |F (p)|:

∞∫

−∞
|F (s+ is)|ds.
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3. ñòðåìèòñÿ ê íóëþ ïðè |p|→∞ â ëþáîé ïîëóïëîñêîñòè Re p> s> s0
ðàâíîìåðíî îòíîñèòåëüíî arg p. 2

Òîãäà F (p) ÿâëÿåòñÿ èçîáðàæåíèåì ôóíêöèè

f (t) =
1
2pi

s+i∞∫

s−i∞
eptF (p)dp, Re p > s > s0.3

Âìåñòî óñëîâèÿ 3 ìîæíî ïîòðåáîâàòü ÷òîáû ñóùåñòâîâàëà ïîñëåäî-
âàòåëüíîñòü ðàäèóñîâ rn→∞ òàêàÿ, ÷òî

lim
n→∞max{|F (p)| : |p|= rn,Re p > s > s0}= 0.

Âî ìíîãèõ ïðàêòè÷åñêè âàæíûõ ñëó÷àÿõ èíòåãðàë, äàþùèé âûðàæå-
íèå îðèãèíàëà ïî çàäàííîé ôóíêöèè F (p) êîìïëåêñíîé ïåðåìåííîé, ìî-
æåò áûòü âû÷èñëåí ñ ïîìîùüþ ìåòîäîâ âû÷èñëåíèÿ êîíòóðíûõ èíòåãðà-
ëîâ îò ôóíêöèè êîìïëåêñíîé ïåðåìåííîé.

Ðàññìîòðèì îäèí ÷àñòíûé ñëó÷àé, êîãäà îïðåäåëåíèå îðèãèíàëà äëÿ
çàäàííîé ôóíêöèè F () êîìïëåêñíîé ïåðåìåííîé ïðîèçâîäèòñÿ îñîáåííî
ïðîñòî.

Åñëè ôóíêöèÿ F (p)= Pn(p)
Pm(p)

, ãäå Pn(p), Pm(p) �ìíîãî÷ëåíû ñòåïåíè n è
m ñîîòâåòñòâåííî, íå èìåþùèõ îáùèõ íóëåé, è åñëè ñòåïåíü ìíîãî÷ëåíà
â ÷èñëèòåëå ìåíüøå ñòåïåíè ìíîãî÷ëåíà â çíàìåíàòåëå, òî îðèãèíàëîì
åå ñëóæèò ôóíêöèÿ

f (t) =
l

å
k=1

1
(mk−1)!

dmk−1

dpmk−1 (F (p)e
pt (p− pk)mk )|p=pk ,

ãäå p1, . . . , pl � íóëè ìíîãî÷ëåíà Pm(p), a mk � èõ êðàòíîñòè è ñóììà áå-
ðåòñÿ ïî âñåì ïîëþñàì.

2M(r) = max
p∈gr

|F (p)| → 0 ïðè r→∞,ãäå gr � äóãà îêðóæíîñòè: |p|= r, Re p > s > s0.
3Íåñîáñòâåííûé èíòåãðàë âû÷èñëÿåòñÿ âäîëü ïðÿìîé Rep = s è ïîíèìàåòñÿ â ñìûñëå

ãëàâíîãî çíà÷åíèÿ, ò. å.
∫ s+i∞

s−i∞
eptF (p)dp= lim

A→∞

∫ s+iA

s−iA
eptF (p)dp.
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21 Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ è ñèñòåìû.

Îïåðàöèîííûé ìåòîä îñîáåííî ïðîñòî ïðèìåíÿåòñÿ ê ðåøåíèþ ëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
è ñèñòåì òàêèõ óðàâíåíèé. Ïóñòü äàíî äèôôåðåíöèàëüíîå óðàâíåíèå

Lx(t) = a0x(n)(t) +a1x(n−1)(t) + . . .+an−1x′(t) +anx(t) = f (t) (22)

è íà÷àëüíûå óñëîâèÿ

x(0) = x0, x′(0) = x1, . . . , x(n−1)(0) = xn−1. (23)

Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ f (t) è ðåøåíèå x(t) âìåñòå ñ åãî ïðîèçâîä-
íûìè äî n-ãî ïîðÿäêà ÿâëÿþòñÿ îðèãèíàëàìè; îáîçíà÷èì X (p) : x(t),
F (p) : f (t).

Ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ è ñâîéñòâó ëèíåéíîñòè âìåñòî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ (22) ñ íà÷àëüíûìè äàííûìè (23) ïîëó÷àåì
îïåðàòîðíîå óðàâíåíèå

a0(pnX (p)− pn−1x0− pn−2x1− . . .− pxn−2− xn−1)+
a1(pn−1X (p)− pn−2x0− pn−3x1− . . .− pxn−3− xn−2) + . . .

. . .+an−1(pX (p)− x0) +anX (p) = F (p)

èëè

(a0pn +a1pn−1 + . . .+an)X (p) = F (p)+
x0(a0pn−1 +a1pn−2 + . . .+an−1) + x1(a0pn−2 +a1pn−3 + . . .+an−2) + . . .

. . .+ xn−2(a0p+a1) + xn−1a0,

èëè
A(p)X (p) = F (p) +B(p),

ãäå A(p) è B(p) � èçâåñòíûå ìíîãî÷ëåíû. Ðåøàÿ ýòî óðàâíåíèå, íàéäåì
îïåðàòîðíîå ðåøåíèå:

X (p) =
F (p) +B(p)

A(p)
.
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Åñëè óðàâíåíèå (22) ïðè íà÷àëüíûõ äàííûõ (23) äîïóñêàåò ðåøåíèå
x(t), óäîâëåòâîðÿþùåå óñëîâèÿì, íàëîæåííûì íà îðèãèíàëû (à ìîæíî
áûëî áû äîêàçàòü, ÷òî òàêîå ðåøåíèå ñóùåñòâóåò â ïðèíÿòûõ óñëîâèÿõ
âñåãäà), òî ýòî ðåøåíèå ÿâëÿåòñÿ îðèãèíàëîì X (p). Îðèãèíàë, â îáùåì
ñëó÷àå, ìîæåò áûòü íàéäåí ïî ôîðìóëå Ìåëëèíà:

x(t) =
1
2pi

s+i∞∫

s−i∞
eptX (p)dp, s > s0,

ãäå ïðÿìàÿ x = s0 ïðîõîäèò ïðàâåå âñåõ îñîáûõ òî÷åê ïîäûíòåãðàëüíîé
ôóíêöèè.

Ïðèìåð 15. Ðåøèì çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

x′′(t)−3x′(t) +2x(t) = 6e−t

ñ íà÷àëüíûìè óñëîâèÿìè x(0) = 2, x′(0) = 0. Ïóñòü x(t) : X (p), òîãäà

x′(t) : pX (p)− x(0) = pX (p)−2,

x′′(t) : p2X (p)− px(0)− x′(0) = p2X (p)−2p.

Ïåðåõîäÿ ê èçîáðàæåíèÿì â óðàâíåíèè, ïîëó÷àåì

p2X (p)−2p−3(pX (p)−2)+2X (p) =
6

p+1
,

X (p) =
2p

p2−1
,

îòêóäà x(t) = 2cos it = e−t + et .

Îñîáîå ìåñòî â îïåðàöèîííîì ìåòîäå çàíèìàþò ïðåäëîæåíèÿ, âûðà-
æàþùåå ñâÿçü ìåæäó îðèãèíàëàìè è èçîáðàæåíèÿìè ïðîèçâåäåíèÿ ôóíê-
öèé.

Èçîáðàæåíèå ñâåðòêè. Ñâåðòêîé ôóíêöèé f (t) è g(t) íàçûâàåòñÿ
ôóíêöèÿ îïðåäåëåííàÿ ñîîòíîøåíèåì:

( f ∗g)(t) =
∫ t
0
f (t− t)g(t)dt =

∫ t
0
f (t)g(t− t)dt.

Â ñïðàâåäëèâîñòè ïîñëåäíåãî ðàâåíñòâà ëåãêî óáåäèòüñÿ, ñäåëàâ â ïåð-
âîì èíòåãðàëå çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ t−t = t′. Èìååò ìåñòî
ñëåäóþùåå
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Åñëè f (t) : F (p), g(t) : G(p), òî

( f ∗g)(t) : F (p)G(p).

Ïîêàæåì, ÷òî ( f ∗ g)(t) � îðèãèíàë. Ñðàçó âèäíî, ÷òî äëÿ ôóíêöèè
( f ∗g)(t) ïåðâîå è âòîðîå èç óñëîâèé âûïîëíÿþòñÿ. Ïîêàæåì, ÷òî òðåòüå
óñëîâèå òàêæå âûïîëíÿåòñÿ. Â ñàìîì äåëå, ïîñêîëüêó ôóíêöèè f (t) è g(t)
ÿâëÿþòñÿ ïî óñëîâèþ îðèãèíàëàìè, òî

| f (t)|6C1es1t , |g(t)|6C2es2t .

Ïóñòü ïðîèçâåäåíèåì ïîñòîÿííûõ âåëè÷èíC1 èC2 áóäåòC è íàèáîëüøèì
èç ïîêàçàòåëåé ðîñòà s1 è s2 ôóíêöèé f (t) è ñîîòâåòñòâåííî g(t) áóäåò s2.
Òîãäà

∣∣∣∣
∫ t
0
f (t)g(t− t)dt

∣∣∣∣ 6C
∫ t
0
es2tes2(t−t) dt =C

∫ t
0
es2t dt =Ctes2t .

Ôèêñèðóåì d > 0, íàéäåì ÷èñëî M òàêîå, ÷òî Ct 6Medt ïðè t > 0. Ñëåäî-
âàòåëüíî, |( f ∗g)(t)|6 Mes2+dt , ò. å. ( f ∗g)(t) � îðèãèíàë.

Ðàññìîòðèì òåïåðü èçîáðàæåíèå èíòåãðàëà:
∫ t
0
f (t)g(t− t)dt :

∫∞
0
e−pt

(∫ t
0
f (t)g(t− t)dt

)
dt.

t

t

0

t = t

Ñïðàâà çäåñü ñòîèò äâóêðàòíûé èíòåãðàë,
ðàñïðîñòðàíåííûé íà ñåêòîð ïëîñêîñòè (t,t),
èáî ïðè ôèêñèðîâàííîì t èíòåãðèðîâàíèå ïî t
âåäåòñÿ â ïðåäåëàõ îò 0 äî x = t, à çàòåì èçìå-
íÿåòñÿ îò 0 äî ∞, Òàê êàê ïðè Re p > s0 ýòîò
äâóêðàòíûé èíòåãðàë àáñîëþòíî ñõîäèòñÿ, òî â
íåì ìîæíî èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ,
è ìû ïîëó÷èì (çàìåíÿÿ åùå t íà t ′ = t− t)

∫∞
0

f (t)dt
∫∞

t
e−ptg(t− t)dt =

∫∞
0

f (t)e−pt dt
∫∞
0
g(t ′)e−pt ′ dt ′ = F (p)G(p).

Ðàññìîòðèì ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî ðî-
äà ñ ÿäðîì K, çàâèñÿùèì òîëüêî îò ðàçíîñòè àðãóìåíòîâ, ò. å. óðàâíåíèå
âèäà

f (t) =
∫ t
0
K(t− t) f (t)dt+j(t),
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ãäå j � çàäàííàÿ, f � èñêîìàÿ ôóíêöèÿ. Ïóñòü f (t) : F (p), K(t) : G(p),
j(t): F(p). Òîãäà èç óðàâíåíèå ïîëó÷àåì F (p)=G(p)F (p)+F(p), îòêóäà

F (p) =
F(p)

1−G(p)
.

Îðèãèíàë äëÿ F (p) åñòü èñêîìîå ðåøåíèå óðàâíåíèÿ.

Ïðèìåð 16. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

f (t) =
∫ t
0
(t− t) f (t)dt+sin t.

Ïåðåõîäÿ ê èçîáðàæåíèÿì, ïîëó÷àåì

F (p) =
1
p2
F (p) + 1

p2 +1
,

îòêóäà

F (p) =
p2

(p2−1)(p2 +1)
=

1
2

1
p2 +1

+
1
4

1
p−1

+
1
4

1
p+1

è f (t) =
1
2
sin t + 1

4
et + 1

4
e−t .
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