
1 Êîìïëåêñíîå åâêëèäîâî ïðîñòðàíñòâî
Íàðÿäó ñ äåéñòâèòåëüíûì ìîæåò áûòü ââåäåíî è êîìïëåêñíîå åâêëè-

äîâî ïðîñòðàíñòâî (ò. å. êîìïëåêñíîå ëèíåéíîå ïðîñòðàíñòâî ñî ñêàëÿð-
ñêàëÿðíûì ïðîèçâåäåíèåì â íåì). Â êîìïëåêñíîì ïðîñòðàíñòâå ñêàëÿð-
íîå ïðîèçâåäåíèå îïðåäåëèì êàê êîìïëåêñíîçíà÷íóþ ôóíêöèþ äâóõ âåê-
òîðîâ, óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

à) (x,y) = (y,x) (â ÷àñòíîñòè, (x,x) � âåùåñòâåííîå ÷èñëî);
á) (lx,y) = l(x,y) äëÿ ëþáîãî êîìïëåêñíîãî ÷èñëà l;
â) (x1 + x2,y) = (x1,y) + (x2,y);
ã) (x,x) > 0, ïðè÷åì (x,x) = 0 òîãäà è òîëüêî òîãäà, êîãäà x = 0.

Èç óñëîâèé à) è á) ñëåäóåò, ÷òî (x,ly) = (ly,x) = l(y,x) = l(x,y).

Ïðèìåð 1. Êîìïëåêñíîå åâêëèäîâî ïðîñòðàíñòâî n èçìåðåíèé Cn.
Ñêàëÿðíîå ïðîèçâåäåíèå ýëåìåíòîâ x= (x1, . . . ,xn), y= (y1, . . . ,yn) îïðåäå-
ëÿåòñÿ ôîðìóëîé

(x,y) = x1y1 + . . .+ xnyn.

Ïðèìåð 2. Ïðîñòðàíñòâî C2[a,b] êîìïëåêñíîçíà÷íûõ íåïðåðûâíûõ
ôóíêöèé íà îòðåçêå [a,b] ñî ñêàëÿðíûì ïðîèçâåäåíèåì

( f ,g) =
b∫

a

f (t)g(t)dt.

Ñâîéñòâà 1)�3) ñêàëÿðíîãî ïðîèçâåäåíèÿ î÷åâèäíû. ×åòâåðòîå ñâîéñòâî
ÿâëÿåòñÿ ñëåäñòâèåì íåïðåðûâíîñòè ðàññìàòðèâàåìûõ ôóíêöèé. Äåé-
ñòâèòåëüíî, åñëè

‖ f ‖2 =
b∫

a

| f (t)|2 dt,

òî ‖ f (t)‖ ≡ 0 èìåííî áëàãîäàðÿ ñâîåé íåïðåðûâíîñòè.

Â êîìïëåêñíîì åâêëèäîâîì ïðîñòðàíñòâå äëèíà (íîðìà) âåêòîðà îïðå-
äåëÿåòñÿ, ôîðìóëîé

‖x‖=
√
(x,x).

Ïîíÿòèå óãëà ìåæäó âåêòîðàìè â êîìïëåêñíîì ñëó÷àå îáû÷íî íå ââî-
äÿò, îäíàêî ïîíÿòèå îðòîãîíàëüíîñòè ñîõðàíÿåòñÿ.
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Îïðåäåëåíèå 1. Âåêòîðû x è y íàçûâàþòñÿ îðòîãîíàëüíûìè, åñëè
(x,y) = 0.

Îïðåäåëåíèå 2. Ñèñòåìà âåêòîðîâ j1,j2, . . . íàçûâàåòñÿ îðòîãîíàëü-
íîé, åñëè âåêòîðû ñèñòåìû, îòâå÷àþùèå ðàçëè÷íûì çíà÷åíèÿì èíäåêñà
n, ïîïàðíî îðòîãîíàëüíû.

Îïðåäåëåíèå 3. Ñèñòåìà âåêòîðîâ j1,j2, . . . íàçûâàåòñÿ îðòîíîðìè-
ðîâàííîé, åñëè åñëè äëÿ ëþáûõ èíäåêñîâ i, j âûïîëíÿåòñÿ ñîîòíîøåíèå

(ji,j j) = di j =
{
1, i = j,
0, i 6= j.

Ïðèìåð 3. Íàèáîëåå ÷àñòî èñïîëüçóåòñÿ ñèñòåìà ýêñïîíåíò ñ ìíè-
ìûì ïîêàçàòåëåì {

jk = Aeik
2p
T t ; k ∈ Z

}
.

Äîêàæåì ñíà÷àëà, ÷òî íàáîð ôóíêöèé ÿâëÿåòñÿ îðòîãîíàëüíûì íà îò-
ðåçêå [a,a+T ] ïðè ëþáîì a ∈ R è íàéäåì àìïëèòóäó A, ïðè êîòîðîé îí
ñòàíîâèòñÿ îðòîíîðìèðîâàííûì.

(jn,jm) =
a+T∫

a

A2ei(n−m)
2p
T t dt =

A2

i(n−m) 2p
T
ei(n−m)

2p
T t

∣∣∣∣∣
a+T

a

=

=
A2

i(n−m) 2p
T
(ei(n−m)

2p
T (a+T )− ei(n−m)

2p
T a) =

=
A2

i(n−m) 2p
T
ei(n−m)

2p
T a(ei(n−m)2p−1).

Ïðè n 6= m, ò. ê. ei(n−m)2p = e0 = 1,

(jn,jm) = 0.

Ïðè n = m
(jn,jm) = A2T.

Åñëè âûáðàòü A2T = 1, ò. å. A = 1√
T , òî ïîëó÷èì îðòîíîðìèðîâàííûé íà-

áîð.

Ïóñòü â ïðîèçâîëüíîì áåñêîíå÷íîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå
E çàäàíà ïðîèçâîëüíàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà ýëåìåíòîâ {jk}. Ðàñ-
ñìîòðèì êàêîé óãîäíî ýëåìåíò x ïðîñòðàíñòâà E.
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Îïðåäåëåíèå 4. Íàçîâåì ðÿäîì Ôóðüå ýëåìåíòà x ïî îðòîíîðìèðî-
âàííîé ñèñòåìå {jk} ðÿä âèäà

∞
å
k=1

ckjk , (1)

â êîòîðîì ÷åðåç ck îáîçíà÷åíû ïîñòîÿííûå ÷èñëà, íàçûâàåìûå êîýôôè-
öèåíòàìè Ôóðüå ýëåìåíòà x è îïðåäåëÿåìûå ðàâåíñòâàìè

ck = (x,jk), k = 1,2, . . .

×èñëà ck =
(x,jk)
‖jk‖2

íàçûâàþòñÿ êîýôôèöèåíòàìè Ôóðüå âåêòîðà x â

îðòîãîíàëüíîé ñèñòåìå {jk}.
Òåïåðü íàéäåì êîýôôèöèåíòû ðàçëîæåíèÿ íåêîòîðîé ïåðèîäè÷åñêîé

ñ ïåðèîäîì T ôóíêöèè x(t) ïî îðòîíîðìèðîâàííîìó áàçèñó
{

jk =
1√
T
ei

2p
T kt ; k ∈ Z

}
(2)

Â ýòîé íîðìèðîâàííîé ñèñòåìå ðÿä Ôóðüå èìååò âèä

x(t) =
∞
å

k=−∞
ĉk

1√
T
ei

2pk
T t ,

à êîýôôèöèåíòû Ôóðüå îïðåäåëÿþòñÿ ôîðìóëàìè

ĉn = (x(t),jn(t)) =
1√
T

∫ T
2

−T
2

x(t)e−i
2pk
T t dt.

Îáðàòèì âíèìàíèå íà òî, ÷òî ïî òðàäèöèè, â ñâÿçè ñ ïðîñòîòîé çàïèñè
â íåé ðÿäà Ôóðüå, ðàññìàòðèâàþò âìåñòî ïî ñóùåñòâó äåëà çíà÷èòåëüíî
áîëåå åñòåñòâåííîé îðòîíîðìèðîâàííîé ñèñòåìû � îðòîãîíàëüíóþ ñè-
ñòåìó ýêñïîíåíò {eik 2p

T t ; k ∈ Z}.
Èòàê, åñëè ñèãíàë x(t) èìååò ïåðèîä T , òî åãî ìîæíî ïðåäñòàâèòü â

âèäå áåñêîíå÷íîé ñóììû

x(t) =
∞
å

k=−∞
ckei

2pk
T t ,

ãäå
ck =

1
T

∫ T

0
x(t)e−i

2pk
T t dt.
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Äàííîå ðàçëîæåíèå íàçûâàåòñÿ ðÿäîì Ôóðüå â êîìïëåêñíîé ôîðìå.
Îòìåòèì, ÷òî êîýôôèöèåíòû Ôóðüå T -ïåðèîäè÷åñêîé ôóíêöèè

x : R→ C ïî óêàçàííûì ñèñòåìàì íå çàâèñÿò îò òîãî, ðàñêëàäûâàåòñÿ ëè
ôóíêöèÿ â ðÿä Ôóðüå íà îòðåçêå [0,T ] èëè íà ëþáîì èíîì îòðåçêå âèäà
[a,a+T ].

Ëåììà 1. Ïóñòü f (t) � íåïðåðûâíàÿ êîìïëåêñíîçíà÷íàÿ ïåðèîäè÷å-
ñêàÿ ôóíêöèÿ ñ ïåðèîäîì T . Òîãäà, äëÿ ëþáîãî a ∈ R

a+T∫

a

f (t)dt =
T∫

0

f (t)dt

Â ñèëó àääèòèâíîñòè èíòåãðàëà

a+T∫

a

f (t)dt =
0∫

a

f (t)dt +
T∫

0

f (t)dt +
a+T∫

T

f (t)dt.

Ïîëàãàÿ â ïîñëåäíåì èíòåãðàëå ïðàâîé ÷àñòè t = s+T è ïðèíèìàÿ âî
âíèìàíèå, ÷òî f (s+T ) = f (s), óáåæäàåìñÿ, ÷òî ýòîò èíòåãðàë ðàâåí

−
0∫

a

f (s)ds,

îòêóäà è ñëåäóåò ëåììà.
Åñòåñòâåííî íàçâàòü êîíå÷íóþ ñóììó

n
å
k=1

ckjk . (3)

n-é ÷àñòè÷íîé ñóììîé ðÿäà Ôóðüå (1).
Âûÿñíèì ñòðåìèòñÿ ëè ïîñëåäîâàòåëüíîñòü åãî ÷àñòè÷íûõ ñóìì (â

ñìûñëå ìåòðèêè ïðîñòðàíñòâà E) ê êàêîìó-ëèáî ïðåäåëó, è åñëè îí ñõî-
äèòñÿ, òî ñîâïàäàåò ëè åãî ñóììà ñ èñõîäíûì ýëåìåíòîì E.

Ðàññìîòðèì ïðåäâàðèòåëüíî ñëåäóþùóþ çàäà÷ó: ïðè çàäàííîì n ïî-
äîáðàòü êîýôôèöèåíòû ai (i = 1,2, . . . ,n) òàê, ÷òîáû ðàññòîÿíèå ìåæäó x
è ñóììîé

n
å
i=1

aiji
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áûëî ìèíèìàëüíûì. Âû÷èñëèì ýòî ðàññòîÿíèå.

‖x−
n
å
i=1

aiji‖2 =

(
x−

n
å
i=1

aiji,x−
n
å
j=1

a jj j

)
=

= ‖x‖2−
n
å
j=1

a j(x,j j)−
n
å
i=1

ai(ji,x) +
n
å
i=1

n
å
j=1

aia j(ji,j j) =

= ‖x‖2−
n
å
i=1

aici−
n
å
i=1

aici +
n
å
i=1
|ai|2,

ãäå ci = (x,ji). Èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷àåì

‖x−
n
å
i=1

aiji‖2 = ‖x‖2−
n
å
i=1
|ci|2 +

n
å
i=1
|ai− ci|2. (4)

ßñíî, ÷òî ìèíèìóì ýòîãî âûðàæåíèÿ äîñòèãàåòñÿ òîãäà, êîãäà ïîñëåäíåå
ñëàãàåìîå ðàâíî 0, ò. å. ïðè

ai = ci, i = 1,2, . . . ,n.

Â ýòîì ñëó÷àå

‖x−
n
å
i=1

aiji‖2 = ‖x‖2−
n
å
i=1
|ci|2. (5)

Òàê êàê âñåãäà ‖x−
n
å
i=1

aiji‖2 > 0, òî èç ðàâåíñòâà (5) ñëåäóåò, ÷òî

n
å
i=1

c2i 6 ‖x‖2.

Çäåñü n ïðîèçâîëüíî, à ïðàâàÿ ÷àñòü íå çàâèñèò îò n; ñëåäîâàòåëüíî, ðÿä
∞
å
i=1

c2i , ñõîäèòñÿ è

∞
å
i=1

c2i 6 ‖x‖2. (6)

Ýòî íåðàâåíñòâî íàçûâàåòñÿ íåðàâåíñòâîì Áåññåëÿ. Ãåîìåòðè÷åñêè îíî
îçíà÷àåò, ÷òî ñóììà êâàäðàòîâ ïðîåêöèé âåêòîðà x íà âçàèìíî îðòîãî-
íàëüíûå íàïðàâëåíèÿ íå ïðåâîñõîäèò êâàäðàòà äëèíû ñàìîãî âåêòîðà x.
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Âàæåí òîò ñëó÷àé, êîãäà îðòîíîðìèðîâàííàÿ ñèñòåìà òàêîâà, ÷òî íåðà-
âåíñòâî (6) îáðàùàåòñÿ â ðàâåíñòâî (ðàâåíñòâî Ïàðñåâàëÿ)

∞
å
i=1

c2i = ‖x‖2.

Ââåäåì ñëåäóþùåå âàæíîå ïîíÿòèå.
Îðòîãîíàëüíàÿ íîðìèðîâàííàÿ ñèñòåìà {jn} íàçûâàåòñÿ çàìêíóòîé,

åñëè äëÿ ëþáîãî x ñïðàâåäëèâî ðàâåíñòâî Ïàðñåâàëÿ.
Èç òîæäåñòâà (5) ñëåäóåò, ÷òî çàìêíóòîñòü ñèñòåìû {jn} ðàâíîñèëüíà

òîìó, ÷òî äëÿ êàæäîãî x ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå
∞
å
i=1

ciji ñõîäÿòñÿ ê
x.

Ïîíÿòèå çàìêíóòîñòè îðòîãîíàëüíîé íîðìèðîâàííîé ñèñòåìû òåñíî
ñâÿçàíî ñ ïîíÿòèåì ïîëíîòû ñèñòåìû.

Ñèñòåìà {jk} íàçûâàåòñÿ ïîëíîé, åñëè íå ñóùåñòâóåò âåêòîðà îòëè÷-
íîé îò íóëÿ è îðòîãîíàëüíîé êî âñåì ýëåìåíòàì ñèñòåìû {jk}, ò. å. äëÿ
ëþáîãî âåêòîðà y ñ óñëîâèåì (y,jk) = 0 ïðè âñåõ k ∈ N âûïîëíÿåòñÿ
ðàâåíñòâî (y,y) = 0.

Â òåîðèè âåðîÿòíîñòåé ÷àñòî ïðèìåíÿåòñÿ ñèñòåìà Ðàäåìàõåðà

jn(x) = j(2nx), n = 0,1,2, . . . ,

ãäå j(t) = sgn(sin2pt).
Ëåãêî ïðîâåðÿåòñÿ, ÷òî ýòà ñèñòåìà îðòîíîðìèðîâàíà íà ñåãìåíòå 06

x 6 1. Ýòà ñèñòåìà íå ïîëíà.
Ýòî ñëåäóåò õîòÿ áû èç òîãî, ÷òî, íàïðèìåð, ôóíêöèÿ

j12 = j1j2 =





1, åñëè 0 < x < 1/4 èëè 3/4 < x < 1,

−1, åñëè 1/4 < x < 3/4,

îðòîãîíàëüíà êî âñåì ôóíêöèÿì ñèñòåìû {jn}. Îäíàêî ïîñëåäíþþ ìîæ-
íî ðàñøèðèòü äî ïîëíîé îðòîíîðìàëüíîé ñèñòåìû, äîáàâèâ ê íåé ôóíê-
öèè âèäà

jm1m2...mk = jm1jm2 . . .jmk 0 < m1 < m2 < .. . < mk .

Î÷åâèäíî, ÷òî ðàñøèðåííàÿ òàêèì îáðàçîì ñèñòåìà, íàçûâàåìàÿ ñè-
ñòåìîé Ðàäåìàõåðà � Óîëøà, îñòàíåòñÿ îðòîíîðìàëüíîé. Êðîìå òîãî, îíà
óæå áóäåò ïîëíîé.
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Ïîëîæèì, ÷òî îðòîíîðìèðîâàííàÿ ñèñòåìà {jk} çàìêíóòà, è ïîêàæåì,
÷òî ïðè ýòîì íå ñóùåñòâóåò íåïðåðûâíîé ôóíêöèè (êðîìå ðàâíîé òîæäå-
ñòâåííî íóëþ), êîòîðàÿ áûëà áû îðòîãîíàëüíà ïî âñåì ôóíêöèÿì ñåìåé-
ñòâà {jk}. Äåéñòâèòåëüíî, ïóñòü x(t) òàêàÿ ôóíêöèÿ:

(x,jk) = 0, k = 1,2, . . . ,

ò. å. âñå êîýôôèöèåíòû Ôóðüå ck ôóíêöèè x(t) ðàâíû íóëþ. Ïðè ýòîì èç
óðàâíåíèÿ çàìêíóòîñòè {jk} ñëåäóåò, ÷òî

‖x‖= 0,

è èç ýòîãî ðàâåíñòâà, ïîñêîëüêó x(t) ïðåäïîëîæåíà íåïðåðûâíîé, ñëåäóåò,
÷òî x(t)≡ 0. Îáðàòíîå óòâåðæäåíèå íå èìååò ìåñòà, ò. å. èç òîãî ôàêòà, ÷òî
íåò íåïðåðûâíîé ôóíêöèè (êðîìå òîæäåñòâåííîãî íóëÿ), îðòîãîíàëüíîé
êî âñåì ôóíêöèÿì ñèñòåìû {jk}, íå ñëåäóåò, ÷òî ýòà ñèñòåìà çàìêíóòà.

Â çàêëþ÷åíèå çàìåòèì, ÷òî äëÿ òîãî, ÷òîáû ëþáàÿ ïîëíàÿ îðòîíîðìè-
ðîâàííàÿ ñèñòåìà ôóíêöèé â ëèíåéíîì ïðîñòðàíñòâå ñî ñêàëÿðíûì ïðî-
èçâåäåíèåì áûëà çàìêíóòîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïðîñòðàí-
ñòâî áûëî ïîëíûì îòíîñèòåëüíî íîðìû, îïðåäåëÿåìîé ýòèì ñêàëÿðíûì
ïðîèçâåäåíèåì. Äðóãèìè ñëîâàìè, îíî äîëæíî áûòü ãèëüáåðòîâûì ïðî-
ñòðàíñòâîì.

2 Òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå
Åñëè äîïóñòèòü ëèíåéíûå êîìáèíàöèè ñ êîìïëåêñíûìè êîýôôèöè-

åíòàìè, òî â ñèëó ôîðìóë Ýéëåðà ei 2pk
T t = cos 2pk

T t + isin 2pk
T t, cos 2pk

T t =
1
2
(ei 2pk

T t + e−i 2pk
T t ), sin 2pk

T t =
1
2i
(ei 2pk

T t − e−i 2pk
T t ) îêàæåòñÿ, ÷òî ðàññìîòðåí-

íûå ñèñòåìû ëèíåéíî âûðàæàþòñÿ äðóã ÷åðåç äðóãà, ò. å. àëãåáðàè÷åñêè
ýêâèâàëåíòíû. Òàêèì îáðàçîì, ñèñòåìà ýêñïîíåíò (2) ýêâèâàëåíòíà òðè-
ãîíîìåòðè÷åñêîé ñèñòåìå

{
1√
T
,

1√
T
cos

2pk
T

t, 1√
T
sin

2pk
T

t, k ∈ N
}

.

Âàæíî çàìåòèòü, ÷òî åñëè x(t)�äåéñòâèòåëüíàÿ ôóíêöèÿ, òî ÷èñëà ck è
c−k õîòÿ âîîáùå è êîìïëåêñíû, íî âçàèìíî ñîïðÿæåíû:

c−k = ck .
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Ïðåîáðàçóåì ðÿä Ôóðüå ôóíêöèè x(t)

x(t) =
∞
å

k=−∞
ckei

2pk
T t ,

ãäå

ck =
1
T

T∫

0

x(t)e−i
2pk
T t dt. (7)

Ïåðåïèøåì ðàçëîæåíèå â âèäå

x(t) =
∞
å

k=−∞
ckei

2pk
T t = c0 +

∞
å
k=1

(ckei
2pk
T t + c−ke−i

2pk
T t ), (8)

Îïðåäåëèì îòäåëüíî:

ckei
2pk
T t + c−ke−i

2pk
T t =

ckei
2pk
T t + cke−i

2pk
T t = ckei

2pk
T t + ckei

2pk
T t =

2Re(ckei
2pk
T t ) = 2

(
Reck cos

2pk
T

t− Imck sin
2pk
T

t
)

=

ak cos
2pk
T

t +bk sin
2pk
T

t,

ãäå ak = 2Reck , bk =−2Imck , è, ñëåäîâàòåëüíî, íà îñíîâàíèè (7)

a0 =
1
T

T∫

0

x(t)dt, ak =
2
T

T∫

0

x(t)cos 2pk
T

t dt,

bk =
2
T

T∫

0

x(t) sin 2pk
T

t dt,

ãäå k � öåëîå ïîëîæèòåëüíîå ÷èñëî.
Ïîäñòàâëÿÿ â ðÿä (8), ïîëó÷èì

x(t) = a0 +
∞
å
k=1

(
ak cos

2pk
T

t +bk sin
2pk
T

t
)

.
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Ïåðåõîä îò âåùåñòâåííîé ôîðìû ê êîìïëåêñíîé îñóùåñòâëÿåòñÿ ïå-
ðåñ÷åòîì êîýôôèöèåíòîâ ïî ôîðìóëàì:

c0 = a0,

ck =
ak− ibk

2
,

c−k =
ak + ibk

2
.

3 Äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ðÿäà Ôó-
ðüå â òî÷êå.

Â ñâÿçè ñ ïðèìåíåíèåì ðÿäîâ Ôóðüå ê çàäà÷àì ìàòåìàòè÷åñêîé ôèçè-
êè è äðóãèì âîïðîñàì áóäåò ñóùåñòâåííî óñòàíîâèòü óñëîâèÿ, ãàðàíòè-
ðóþùèå ñõîäèìîñòü ðÿäà Ôóðüå ê x íå òîëüêî â ñðåäíåì, íî è â äàííîé
òî÷êå, âñþäó, èëè äàæå ðàâíîìåðíî.

Ñî ñõîäèìîñòüþ â ñðåäíåêâàäðàòè÷íîì äåëà îáñòîÿò íàìíîãî ëó÷øå.
Íàïðèìåð, åñëè ôóíêöèÿ x èíòåãðèðóåìà è èíòåãðàë

T∫

0

|x(t)|2 dt

ñóùåñòâóåò êàê íåñîáñòâåííûé ñ êîíå÷íûì ÷èñëîì îñîáåííîñòåé, òî ðÿä
Ôóðüå ôóíêöèè x ñõîäèòñÿ ê íåé â ñðåäíåêâàäðàòè÷íîì. Ïðèíöèïèàëü-
íûì çäåñü ÿâëÿåòñÿ òîò ôàêò, ÷òî ëþáóþ òàêóþ ôóíêöèþ ñ ëþáîé ñòå-
ïåíüþ òî÷íîñòè ìîæíî â ñðåäíåêâàäðàòè÷íîì àïïðîêñèìèðîâàòü íåïðå-
ðûâíîé ôóíêöèåé.

Ìîæåò âñå-òàêè âûçâàòü íåêîòîðûé èíòåðåñ ñëåäóþùèé âîïðîñ.
Ïóñòü ôóíêöèÿ ãëàäêàÿ, çà èñêëþ÷åíèåì íåñêîëüêèõ òî÷åê (íà ïåðèîäå),
ãäå îíà èìååò ñêà÷êè. Êàê âåäåò ñåáÿ ðÿä Ôóðüå â òî÷êàõ ðàçðûâà? (Â
ñðåäíåêâàäðàòè÷íîì ðÿä, êîíå÷íî, ñõîäèòñÿ). Èìååò ìåñòî ñëåäóþùàÿ
òåîðåìà

Òåîðåìà 1. Ïóñòü x � îãðàíè÷åííàÿ ôóíêöèÿ ñ ïåðèîäîì T , èìåþùàÿ
ðàçðûâû ëèøü ïåðâîãî ðîäà, è ïóñòü x èìååò â êàæäîé òî÷êå ëåâóþ è
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ïðàâóþ ïðîèçâîäíûå1. Òîãäà åå ðÿä Ôóðüå ñõîäèòñÿ âñþäó, à åãî ñóììà
ðàâíà x(t) â òî÷êàõ íåïðåðûâíîñòè è ðàâíà 1

2
(x(t +0) + x(t−0)) â òî÷êàõ

ðàçðûâà.

Âûøå ìû ñôîðìóëèðîâàëè íåêîòîðûå äîñòàòî÷íûå óñëîâèÿ ñõîäèìî-
ñòè ðÿäà Ôóðüå ôóíêöèè x â òî÷êå t. Êëàññ ôóíêöèé, óäîâëåòâîðÿþùèõ
ýòèì óñëîâèÿì, äîñòàòî÷íî øèðîê. Îäíàêî ïðèâåäåííûå óñëîâèÿ äàëåêè
îò íåîáõîäèìûõ. Íàïðèìåð, äàæå íåïðåðûâíîñòü ôóíêöèè íå ÿâëÿåòñÿ
íåîáõîäèìîé äëÿ ïðåäñòàâëåíèÿ åå â âèäå ñóììû ðÿäà Ôóðüå. Ïðàâäà, ñè-
òóàöèÿ íåñêîëüêî èçìåíèòñÿ, åñëè èíòåðåñîâàòüñÿ óñëîâèÿìè ðàâíîìåð-
íîé ñõîäèìîñòè ðÿäà Ôóðüå. Âåäü, ñîãëàñíî îáùèì ñâîéñòâàì ðàâíîìåð-
íî ñõîäÿùèõñÿ ðÿäîâ íåïðåðûâíûõ ôóíêöèé, åñëè ôóíêöèÿ x èìååò õîòÿ
áû îäèí ðàçðûâ, òî åå ðÿä Ôóðüå íå ìîæåò ñõîäèòüñÿ ê íåé ðàâíîìåðíî.
Ïîýòîìó íåïðåðûâíîñòü ôóíêöèè ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ðàâ-
íîìåðíîé ñõîäèìîñòè åå ðÿäà Ôóðüå (íî, íå äîñòàòî÷íûì).

4 Ïðåîáðàçîâàíèå Ôóðüå
Ðàçëîæåíèå ïåðèîäè÷åñêîé ôóíêöèè (ñèãíàëà) â ñóììó ïðîñòûõ ãàð-

ìîíè÷åñêèõ êîëåáàíèé íàçûâàþò ãàðìîíè÷åñêèì àíàëèçîì ôóíêöèè x.
×èñëà {ck ,k ∈ Z} èëè {a0,ak ,bk ,k ∈ Z} íàçûâàþò ñïåêòðîì ôóíêöèè
(ñèãíàëà) x. Ïåðèîäè÷åñêàÿ ôóíêöèÿ, òàêèì îáðàçîì, èìååò äèñêðåòíûé
ñïåêòð. Ïîïûòàåìñÿ ñåé÷àñ ïåðåíåñòè ýòîò ðåçóëüòàò íà ôóíêöèè íåïåðè-
îäè÷åñêèå. Ïðèêèíåì (íà ýâðèñòè÷åñêîì óðîâíå), ÷òî ïðîèçîéäåò ñ ðàçëî-
æåíèåì â ðÿä Ôóðüå ïðè íåîãðàíè÷åííîì óâåëè÷åíèè ïåðèîäà T ñèãíàëà
x.

Ïóñòü ôóíêöèÿ x(t) îãðàíè÷åííà, èìååò ðàçðûâû ëèøü ïåðâîãî ðîäà,
è ïóñòü x èìååò â êàæäîé òî÷êå ëåâóþ è ïðàâóþ ïðîèçâîäíûå è ñâåðõ
òîãî àáñîëþòíî èíòåãðèðóåìà â ïðîìåæóòêå (−∞,∞), ò. å. ñóùåñòâóåò
èíòåãðàë

∞∫

−∞
|x(t)|dt.

1Â òî÷êå ðàçðûâà ïåðâîãî ðîäà ëåâàÿ è ïðàâàÿ ïðîèçâîäíûå ïîíèìàþòñÿ êàê

x′−(t) = lim
h→+0

x(t−h)− x(t−0)
h

, è x′+(t) = lim
h→+0

x(t +h)− x(t +0)
h

.

ñîîòâåòñòâåííî.
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Ïîëàãàÿ äëÿ óïðîùåíèÿ çàïèñè T = 2pl, ïåðåïèøåì ðàçëîæåíèå

x(t) =
∞
å

k=−∞
ckei

k
l t ,

â ñëåäóþùåì âèäå:

x(t) =
∞
å

k=−∞
ck lei

k
l t
1
l
,

ãäå

ck =
1
2pl

pl∫

−pl
f (t)e−i

k
l t dt.

Îáîçíà÷èì ÷åðåç ak âåëè÷èíó
k
l
, è ïóñòü

c(ak) =
pl∫

−pl
x(t)e−iakt dt.

Òîãäà ôóíêöèÿ x(t) ïðåäñòàâëÿåòñÿ â ñëåäóþùåì âèäå

x(t) =
1
2p

∞
å

k=−∞
c(ak)eiaktDak .

Ïîñëåäíÿÿ ñóììà ïðåäñòàâëÿåò ñîáîé ôîðìàëüíóþ áåñêîíå÷íóþ èí-
òåãðàëüíóþ ñóììó Ðèìàíà äëÿ èíòåãðàëà

1
2p

∞∫

−∞
c(a)eiat da, (9)

ãäå

c(a) =
pl∫

−pl
x(t)e−iat dt.

Åñëè â èíòåãðàëå (9) ôîðìàëüíî ïåðåéòè ê ïðåäåëó ïðè l →∞, òî ïîëó-
÷àåòñÿ ïîâòîðíûé íåñîáñòâåííûé èíòåãðàë âèäà

x(t) =
1
2p

∞∫

−∞
eiat




∞∫

−∞
x(t)e−iat dt


 da. (10)
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Ýòî è åñòü èñêîìîå ïðåäñòàâëåíèå.
Â òî÷êàõ ðàçðûâà íåïðåðûâíîñòè, åñëè òàêîâûå èìåþòñÿ, íàäî òîëüêî

çàìåíèòü x(t) íà 1
2
(x(t +0)+ x(t−0)).

Ìû ïîëó÷èëè ðàâåíñòâî (10), íàçûâàåìîå ôîðìóëîé Ôóðüå, ñ ïîìî-
ùüþ ôîðìàëüíîãî ïðåäåëüíîãî ïåðåõîäà. Ìîæíî áûëî áû îáîñíîâàòü
ñïðàâåäëèâîñòü ýòîãî ïåðåõîäà (ïðè ñäåëàííûõ âûøå ïðåäïîëîæåíèÿõ
î ôóíêöèè x).

Èíòåãðàëüíóþ ôîðìóëó Ôóðüå ìîæíî ðàñ÷ëåíèòü íà äâà ðàâåíñòâà.
Òàêèì îáðàçîì, ââåäåì

Îïðåäåëåíèå 5. Ôóíêöèÿ

F{x(t)} ≡ X (w) =
∞∫

−∞
x(t)e−iwt dt (11)

íàçûâàåòñÿ ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè x : R→ C.

Èíòåãðàë çäåñü ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ è ñ÷èòàåòñÿ,
÷òî îí ñóùåñòâóåò.

Äàëåå, ñïðàâåäëèâà ôîðìóëà âûðàæàþùàÿ x ÷åðåç åå ïðåîáðàçîâàíèå
Ôóðüå, íàçûâàåòñÿ ôîðìóëîé îáðàùåíèÿ äëÿ ïðåîáðàçîâàíèÿ Ôóðüå

F−1{X (w)} ≡ x(t) =
1
2p

∞∫

−∞
X (w)eiwt dw,

êîòîðàÿ íàçûâàåòñÿ ôîðìóëîé îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå.
Ôóíêöèþ X (w), îïðåäåëåííóþ ðàâåíñòâîì (11) è èãðàþùóþ ðîëü êî-

ýôôèöèåíòà â èíòåãðàëå (10), ïîäîáíîãî êîýôôèöèåíòàì Ôóðüå â ðÿäå
Ôóðüå, åñòåñòâåííî ñ÷èòàòü ñïåêòðîì ôóíêöèè (ñèãíàëà) x. Â îòëè÷èå îò
ðàññìîòðåííîãî âûøå ñëó÷àÿ ïåðèîäè÷åñêîãî ñèãíàëà è ñîîòâåòñòâóþ-
ùåãî åìó äèñêðåòíîãî ñïåêòðà, ñïåêòð X (w) ïðîèçâîëüíîãî ñèãíàëà ìî-
æåò íå îáðàùàòüñÿ â íóëü íà öåëûõ ïðîìåæóòêàõ è äàæå íà âñåé ïðÿìîé
(íåïðåðûâíûé ñïåêòð).

4.1 Ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå
Ëèíåéíîñòü. Îáðàç ëèíåéíîé êîìáèíàöèè ñèãíàëîâ åñòü ëèíåéíàÿ

êîìáèíàöèÿ (ñ òåìè æå êîýôôèöèåíòàìè) îáðàçîâ êàæäîãî ñèãíàëà â îò-
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äåëüíîñòè:
F [ax(t) +by(t)] = aF [x(t)] +bF [y(t)]

(ñëåäóåò èç ëèíåéíîñòè èíòåãðàëà).
Ñïåêòð ñìåùåííîãî ñèãíàëà.

F{x(t− t)}= e−iwtF{x(t)}.
Äåëàÿ â èíòåãðàëå

∞∫

−∞
x(t− t)e−iwt dt

çàìåíó ïåðåìåííûõ t− t = x, ïîëó÷àåì
∞∫

−∞
x(x)e−iw(x+t) dx =

∞∫

−∞
x(x)e−iwxe−iwt dx = e−iwt

∞∫

−∞
x(x)e−iwx dx.

Ñìåùåíèå ñïåêòðàëüíûõ õàðàêòåðèñòèê.

F{e±iWtx(t)}= X (w∓W).

X (w+W) =
∞∫

−∞
x(t)e−i(w+W)t dt =

∞∫

−∞
e−iWtx(t)e−iwt dt.

Ñïåêòð ñâåðòêè. Ñïåêòð ñâåðòêè äâóõ ñèãíàëîâ ðàâåí ïðîèçâåäåíèþ
ñïåêòðîâ äàííûõ ñèãíàëîâ.

F{x(t)∗ y(t)}= F{x(t)} ·F{y(t)}.
Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ

+∞∫

−∞




+∞∫

−∞
x(t−x)y(x)dx


e−iwt dt =

+∞∫

−∞
y(x)




+∞∫

−∞
x(t−x)e−iwt dt


 dx =

è ïðîèçâîäÿ çàìåíó ïåðåìåííîãî t−x = t ïîëó÷èì

=
∫ ∞

−∞
y(x)

(∫ ∞

−∞
x(t)e−iw(t+x) dt

)
dx =

=
∫ ∞

−∞
y(x)e−iwx

(∫ ∞

−∞
x(t)e−iwt dt

)
dx =

=
∫ ∞

−∞
y(x)e−iwx dx ·

∫ ∞

−∞
x(t)e−iwt dt.
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Ñïåêòð ïðîèçâåäåíèÿ. Ñïåêòð ïðîèçâåäåíèÿ ñèãíàëîâ ðàâåí ñâåðòêå
ñïåêòðîâ èñõîäíûõ ñèãíàëîâ, äåëåííûõ íà 2p.

F{x(t) · y(t)}=
1
2pF{x(t)}∗F{y(t)}.

Ôîðìóëà Ðåëåÿ. Ñâÿçü ìåæäó ñêàëÿðíûì ïðîèçâåäåíèåì ñèãíàëîâ è
èõ ñïåêòðîì.

(x,y) =
1
2p (X (w),Y (w)).

∞∫

−∞
x(t)y(t)dt =

∞∫

−∞

1
2p

∞∫

−∞
X (w)eiwt dwy(t)dt =

1
2p

∞∫

−∞
X (w)

∞∫

−∞
y(t)e−iwt dt dw =

1
2p

∞∫

−∞
X (w)Y (w)dw,

ïðè÷åì èçìåíåíèå ïîðÿäêà èíòåãðèðîâàíèÿ çäåñü çàêîííî, ïîñêîëüêó
ôóíêöèÿ X (w)y(t)eiwt àáñîëþòíî èíòåãðèðóåìà â ïëîñêîñòè .

4.2 Ñèãíàë ñ ïðÿìîóãîëüíûì ñïåêòðîì
Ëèíèè ñâÿçè èìåþò êîíå÷íóþ ïîëîñó ïðîïóñêàíèÿ, ïîýòîìó ñïåêòð

ïðèíèìàåìîãî ñèãíàëà âñåãäà îãðàíè÷åí.
Ðàññìîòðèì ñèãíàë ñ ïðÿìîóãîëüíûì ñïåêòðîì.

S(w) = Sm(q(w+W)−q(w−W)) =





0 ïðè w < W,
Sm ïðè W 6 w 6 W,
0 ïðè w > W.

Íàéäåì ñèãíàë, äëÿ ýòîãî âû÷èñëèì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå.

s(t) =
1
2p

∞∫

−∞
Smeiwt dw =

1
2p

W∫

−W
Smeiwt dw =

=
1
2p

Sm
it

eiwt
∣∣W
−W =

1
2p

Sm
it
(eiWt − e−iWt ) =

=
SmW

p
sinWt

Wt
=

SmW
p sincWt,

ãäå sincx =
sinx
x

. Çàìåòèì, ÷òî àìïëèòóäà ïðÿìî ïðîïîðöèîíàëüíà W.
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4.3 Áàçèñ Êîòåëüíèêîâà
Äîêàæåì îðòîãîíàëüíîñòü ñèãíàëîâ, ñäâèíóòûõ îòíîñèòåëüíî äðóã

äðóãà íà t0 =
p
Wk, (k = ±1, . . .). Ðàññìîòðèì äâà ñèãíàëà x(t) = Asinc(Wt),

y(t)=Asinc(W(t−t0)). Ïîñêîëüêó y(t)= x(t−t0), òî ñïåêòð ñäâèíóòîãî ñèã-
íàëà

Y (w) = e−iwt0X (w).
Ïî ôîðìóëå Ðåëåÿ

(x,y) =
1
2p

∫ ∞

−∞
X (w)Y (w)dw

=
1
2p

∫ ∞

−∞

(
Ap
W

)2

eiwt0 dw =
A2p
W sincWt0.

Òàêèì îáðàçîì, (x,y) = 0 ïðè Wt0 = pk (k =±1, . . .). Ìèíèìàëüíûé ñäâèã,
ïðè êîòîðîì x è y îðòîãîíàëüíû, ðàâåí t0 = ±p/W = ±1/(2F ), ãäå F =
W/2p � øèðèíà ñïåêòðà (Ãö).

Òåïåðü äîêàæåì, ÷òî íàáîð ôóíêöèé

ck(t) = Asinc(Wt−pk), k =±1, . . . ,

ÿâëÿåòñÿ áàçèñîì â ïðîñòðàíñòâå ñèãíàëîâ, ñïåêòð êîòîðûõ îãðàíè÷åí îò-
ðåçêîì [−W,W]. Äîêàæåì îðòîãîíàëüíîñòü

(cm,cn) = 0, m 6= n.

Èñïîëüçóÿ ñâîéñòâî ïðåîáðàçîâàíèÿ Ôóðüå çàäåðæàííîãî ñèãíàëà è ôîð-
ìóëó Ðåëåÿ èìååì

(cm,cn) =
1
2p (F{cm},F{cn}) =

= (e
−iw

p
Wm

F{c0},e
−iw

p
W n

F{c0})

=
A2p
w sinc(p(m−n)) = 0

ïðè m 6= n.
Òåïåðü íàéäåì íîðìèðîâêó (cn,cn) = 1

(cn,cn) =
A2p
w .
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Ñëåäîâàòåëüíî, A2p
w = 1, îòêóäà A =

√
W/p.

Òàêèì îáðàçîì ñèñòåìà

ck(t) =

√
W
p sinc(Wt−pk).

ÿâëÿåòñÿ îðòîíîðìèðîâàííîé.
Òîãäà îáîáù¼ííûé ðÿä Ôóðüå äëÿ ñèãíàëà

x(t) =
∞
å

k=−∞
akck(t),

ãäå

ak = (x(t),ck(t)) =
1
2p

W∫

−W
X (w)Ck(w)dw.

Ò. ê.

Ck(w) =





√ p
We−iwkp/W ïðè |w|6 W,

0 ïðè |w|> W,

òî

ak =
1
2p

√
p
W

W∫

−W
X (w)eiwkp/W dw =

√
p
Wx(p/Wk) =

√
p
Wx(k/2F ).

Òîãäà ðÿä ìîæíî çàïèñàòü â âèäå

x(t) =
∞
å

k=−∞
x(p/Wk) sinc(Wt−pk).

Èòàê, ìû ïîëó÷èëè ðàçëîæåíèå ñèãíàëà ïî áàçèñó Êîòåëüíèêîâà.

Òåîðåìà 2 (Â.À. Êîòåëüíèêîâ). Åñëè x(t) � ñèãíàë, ñïåêòð êîòîðîãî
îãðàíè÷åí ÷àñòîòàìè |w|6 W, òî îí ìîæåò áûòü ðàçëîæåí â ðÿä.

Òàêèì îáðàçîì, åñëè èçâåñòíû îòñ÷åòû ñèãíàëà, âçÿòûå ÷åðåç ðàâíûå
ïðîìåæóòêè âðåìåíè 1/2F = p/W (ñ ÷àñòîòîé Êîòåëüíèêîâà�Íàéêâèñòà),
è ñïåêòð ñèãíàëà íå ñîäåðæèò ÷àñòîò âûøå W, òî ñèãíàë ìîæåò áûòü ïîë-
íîñòüþ âîññòàíîâëåí, ò. å. ïî ôîðìóëå ìîãóò áûòü ïîëó÷åíû çíà÷åíèÿ
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ñèãíàëà âî âñå îñòàëüíûå ìîìåíòû âðåìåíè. Çàìåòèì, ÷òî äëÿ ìîìåíòîâ
âðåìåíè tk = pk/W ðÿä ÷èñòî ôîðìàëåí� âñå ñëàãàåìûå, êðîìå îäíîãî,
ðàâíû íóëþ. Åñëè èçâåñòíî, ñêîëüêî âðåìåíè çàíèìàåò ïåðåäà÷à îäíî-
ãî îòñ÷åòíîãî çíà÷åíèÿ ñîîáùåíèÿ x(t) â äàííîì êàíàëå ñâÿçè, òî ëåãêî
îöåíèòü êîëè÷åñòâî òàêèõ ñîîáùåíèé, êîòîðûå ìîæíî ïàðàëëåëüíî ïåðå-
äàâàòü ïî ýòîìó êàíàëó ñâÿçè. Èíûìè ñëîâàìè, ïîÿâëÿåòñÿ âîçìîæíîñòü
îöåíèòü ïðîïóñêíóþ ñïîñîáíîñòü êàíàëà ñâÿçè (áîëåå òîãî, åùå è â çàâè-
ñèìîñòè îò èíôîðìàöèîííîé íàñûùåííîñòè ñîîáùåíèé, êîòîðàÿ ñêàçû-
âàåòñÿ íà ñïåêòðå ñèãíàëà x(t)).

4.4 Âëèÿíèå îãðàíè÷åíèÿ ñèãíàëà ïî âðåìåíè íà åãî
ñïåêòð

Ïðåäïîëîæèì, ÷òî îáðàáîòêè ñèãíàëà x(t) èñïîëüçîâàíû ðåçóëüòàòû
åãî íàáëþäåíèÿ â òå÷åíèå îãðàíè÷åííîãî ïðîìåæóòêà âðåìåíè äëèííû
T . Âû÷èñëèì ñïåêòð òàêîãî ñèãíàëà è ñðàâíèì åãî ñî ñïåêòðîì èñõîä-
íîãî. Îãðàíè÷åíèå ñèãíàëà ïî âðåìåíè ýêâèâàëåíòíî óìíîæåíèþ åãî íà
ôóíêöèþ îêíà

w(t) = q(t− t0)−q(t− t0−T ).

Ïîñêîëüêó, ñïåêòð ïðîèçâåäåíèÿ ñèãíàëîâ ðàâåí ñâåðòêå ñïåêòðîâ èñõîä-
íûõ ñèãíàëîâ, äåëåííîé íà 2p:

F{w(t)x(t)}=
1
2p

∞∫

−∞
W (x)X (w−x)dx.

Ñïåêòðàëüíàÿ ïëîòíîñòü ôóíêöèè îêíà

F{w(t)}=
∞∫

−∞
w(t)e−iwt dt =

t0+T∫

t0

e−iwt dt =

=− 1
iw e−iwt

∣∣t0+T
t0

=
1
iw (e−iwt0 − e−iw(t0+T )) =

=
1
iwe−iw(t0+

T
2 )(eiw

T
2 − e−iw

T
2 ) = Te−iw(t0+

T
2 ) sinc(wT/2).

Òîãäà ñïåêòð îãðàíè÷åííîãî ïî âðåìåíè ñèãíàëà

F{w(t)x(t)}=
T
2p

∞∫

−∞
e−ix(t0+

T
2 ) sinc

(
T
2

x
)
X (w−x)dx.
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Åñëè ïåðåìåñòèòü íà÷àëî îòñ÷åòà âðåìåíè â öåíòð îêíà

F{w(t)x(t)}=
T
2p

∞∫

−∞
sinc

(
T
2

x
)
X (w−x)dx =

T
2p sinc

(
T
2

w
)
∗X (w).

Êàê ñëåäóåò èç ïîëó÷åííîãî ðåçóëüòàòà, ñïåêòð èñõîäíîãî ñèãíàëà ¾ñâî-
ðà÷èâàåòñÿ¿ ñ ôóíêöèåé sinc

(T
2 w

)
, îñíîâíîé ¾êîëîêîë¿ êîòîðîé ñîñðåäî-

òî÷åí â èíòåðâàëå (− 2p
T , 2p

T ).
Òàêèì îáðàçîì, ïðè îãðàíè÷åíèè ñèãíàëà ïî âðåìåíè åãî ñïåêòð ¾ðàç-

ìûâàåòñÿ¿, åãî ¾íåðîâíîñòè¿ ñãëàæèâàþòñÿ, óñðåäíÿÿñü íà èíòåðâàëå
âðåìåíè äëèíîé≈ 4p

T . Èç ïðèíöèïà äóàëüíîñòè âðåìåíè è ÷àñòîòû ìîæíî
çàêëþ÷èòü, ÷òî ïðè îãðàíè÷åíèè ñïåêòðà ïî ÷àñòîòå àíàëîãè÷íî èñêàæà-
åòñÿ ñàì ñèãíàë.

5 Îáîáùåííûå ôóíêöèè.

6 Ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé
Îïðåäåëåíèå 6. Ôóíêöèè j(x), êîòîðûå íåïðåðûâíî äèôôåðåíöèðó-

åìû ëþáîå êîëè÷åñòâî ðàç, j ∈C∞(R), è ôèíèòíû, ò.å. j(x)≡ 0 âíå íåêî-
òîðîãî èíòåðâàëà [a,b], áóäåì íàçûâàòü îñíîâíûìè (ïðîáíûìè). Ìíîæå-
ñòâî òàêèõ ôóíêöèé íàçîâåì îñíîâíûì ïðîñòðàíñòâîì.

Ôóíêöèè îáðàçóþò ëèíåéíîå ïðîñòðàíñòâî (ñ îáû÷íûìè îïåðàöèÿìè
ñëîæåíèÿ ôóíêöèé è óìíîæåíèÿ èõ íà ÷èñëà).

Òàêèå ôóíêöèè çàâåäîìî ñóùåñòâóþò: íàïðèìåð,

j(x) =





0 ïðè |x|> a,

e
−

a2

a2− x2 ïðè |x|< a.

Îïðåäåëåíèå 7. Îáîáùåííûìè ôóíêöèÿìè íàçîâåì ëèíåéíûå íåïðå-
ðûâíûå ôóíêöèîíàëû, çàäàííûå íà ïðîñòðàíñòâå îñíîâíûõ ôóíêöèé.
×èñëî, ñîïîñòàâëÿåìîå îñíîâíîé ôóíêöèè j(x) ôóíêöèîíàëîì f , îáîçíà-
÷àåì êàê ( f ,j).
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Çàìåòèì, ïðåæäå âñåãî, ÷òî âñÿêàÿ èíòåãðèðóåìàÿ íà ëþáîì êîíå÷-
íîì èíòåðâàëå ôóíêöèÿ f (x) ïîðîæäàåò íåêîòîðóþ îáîáùåííóþ ôóíê-
öèþ. Äåéñòâèòåëüíî, âûðàæåíèå

T (j) =
∞∫

−∞
f (x)j(x)dx

åñòü íåïðåðûâíûé ëèíåéíûé ôóíêöèîíàë. Òàêèå îáîáùåííûå ôóíêöèè
ìû â äàëüíåéøåì áóäåì íàçûâàòü ðåãóëÿðíûìè, à âñå îñòàëüíûå, ò. å. íå
ïðåäñòàâèìûå â âèäå, � ñèíãóëÿðíûìè.

d-ôóíêöèÿ:
T (j) = j(0)

Ýòîò ôóíêöèîíàë îáû÷íî çàïèñûâàþò â âèäå
∞∫

−∞
d(x)j(x)dx

ïîíèìàÿ ïî d(x) �ôóíêöèþ�, ðàâíóþ íóëþ ïðè âñåõ x 6= 0 è îáðàùàþùó-
þñÿ â òî÷êå x = 0 â áåñêîíå÷íîñòü òàê, ÷òî

∞∫

−∞
d(x)dx = 1

Ñìåùåííàÿ d-ôóíêöèÿ.

T (j) = j(a).

Ýòîò ôóíêöèîíàë åñòåñòâåííî çàïèñàòü â âèäå
∞∫

−∞
d(x−a)j(x)dx.

Äåéñòâèÿ íàä îáîáùåííûìè ôóíêöèÿìè. Äëÿ îáîáùåííûõ ôóíêöèé,
ò. å. íåïðåðûâíûõ ëèíåéíûõ ôóíêöèîíàëîâ íà ïðîñòðàíñòâå îñíîâíûõ
ôóíêöèé, îïðåäåëåíû îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëà. Ïðè
ýòîì. î÷åâèäíî, äëÿ ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé (ò. å. ¾îáû÷íûõ¿
ôóíêöèé íà ïðÿìîé) ñëîæåíèå èõ êàê îáîáùåííûõ ôóíêöèé (ò. å. ëèíåé-
íûõ ôóíêöèîíàëîâ) ñîâïàäàåò ñ îáû÷íîé îïåðàöèåé ñëîæåíèÿ ôóíêöèé.
Òî æå ñàìîå îòíîñèòñÿ è ê óìíîæåíèþ íà ÷èñëà.
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Îïðåäåëåíèå 8. Ñëîæåíèå: ( f1+ f2,j)= ( f1,j)+( f2,j); Óìíîæåíèå íà
÷èñëî: (a f ,j) = ( f ,aj)

Îïðåäåëèì òåïåðü äëÿ îáîáùåííûõ ôóíêöèé îïåðàöèþ äèôôåðåíöè-
ðîâàíèÿ è ðàññìîòðèì åå ñâîéñòâà. Ïóñòü ñíà÷àëà T � ôóíêöèîíàë íà
ïðîñòðàíñòâå îñíîâíûõ ôóíêöèé, îïðåäåëÿåìûé íåêîòîðîé íåïðåðûâíî
äèôôåðåíöèðóåìîé ôóíêöèåé f :

T (j) =
∞∫

−∞
f (x)j(x)dx

Åãî ïðîèçâîäíîé åñòåñòâåííî íàçâàòü ôóíêöèîíàë dT/dx, îïðåäåëÿåìûé
ôîðìóëîé (èíòåãðèðóÿ ïî ÷àñòÿì è ó÷èòûâàÿ, ÷òî îñíîâíàÿ ôóíêöèÿ j
îáðàùàåòñÿ â íóëü âíå íåêîòîðîãî êîíå÷íîãî èíòåðâàëà)

dT (j)
dx

=
∞∫

−∞
f ′(x)j(x)dx =−

∞∫

−∞
f (x)j′(x)dx

Îïðåäåëåíèå 9. Ïðîèçâîäíîé dT/dx îáîáùåííîé ôóíêöèè T íàçû-
âàåòñÿ ôóíêöèîíàë, îïðåäåëÿåìûé ôîðìóëîé

dT
dx

(j) =−T (j′)

Ïðèìåð 4. Ïóñòü

q(x) =
{

1, x > 0,
0, x < 0.

Ýòà ôóíêöèÿ, íàçûâàåìàÿ ôóíêöèåé Õåâèñàéäà, îïðåäåëÿåò ëèíåéíûé
ôóíêöèîíàë

(q,j) =
∞∫

0

j(x)dx

Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì ïðîèçâîäíîé îáîáùåííîé ôóíêöèè èìå-
åì

(q′,j) =−(q,j′) =−
∞∫

0

j′(x)dx = j(0)

(ïîñêîëüêó j îáðàùàåòñÿ â 0 íà áåñêîíå÷íîñòè). Òàêèì îáðàçîì, ïðîèç-
âîäíàÿ ôóíêöèè Õåâèñàéäà åñòü d-ôóíêöèÿ.
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7 Z-ïðåîáðàçîâàíèå
Îäíèì èç íàèáîëåå ïîëåçíûõ ìåòîäîâ ïðåäñòàâëåíèÿ ïîñëåäîâàòåëü-

íîñòåé è ðàáîòû ñ íèìè ÿâëÿåòñÿ Z-ïðåîáðàçîâàíèå. Äëÿ ïîñëåäîâàòåëü-
íîñòè xn îíî îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

X (z) =
∞
å
n=0

xnz−n ≡ Z{xn}, (12)

ãäå z � êîìïëåêñíàÿ ïåðåìåííàÿ. Ïðåîáðàçîâàíèå èìååò ñìûñë äëÿ òåõ
çíà÷åíèé êîìïëåêñíîé ïåðåìåííîé z, ïðè êîòîðûõ ðÿä ñõîäèòñÿ.

Ïðèìåð 5. Íàéòè Z-ïðåîáðàçîâàíèå åäèíè÷íîãî èìïóëüñà. Ïîñêîëü-
êó xn = 0 ïðè ëþáûõ n, çà èñêëþ÷åíèåì n = 0, ãäå xn = 1. Ýòà ïîñëåäîâà-
òåëüíîñòü îáîçíà÷àåòñÿ òàêæå:

dn =




1 ïðè n = 0,

0 ïðè n 6= 0.

Âûïîëíèâ åå Z-ïðåîáðàçîâàíèå, ïîëó÷èì:

X (z) = 1.

Ïðèìåð 6. Íàéòè Z-ïðåîáðàçîâàíèå åäèíè÷íîãî ñêà÷êà. Ïîñêîëüêó
xn = 1, òî

X (z) = 1+
1
z
+
1
z2

+ . . . =
1

1− z−1
,

ïðè÷åì X (z) ñõîäèòñÿ ïðè |z|> 1.

Ïðèìåð 7. Íàéòè Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè

xn = an, n > 0.

Ïîäñòàâèâ xn â (12), ïîëó÷èì

X (z) = 1+
a
z
+
a2

z2
+ . . . =

1
1−az−1

X (z) ñõîäèòñÿ ïðè |z|> a.
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Ïðèìåð 8. Îïðåäåëèòü Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè
1,2,3, . . . ,n, . . .

X (z) =
∞
å
n=1

nz−n. Ðàññìîòðèì, ñíà÷àëà, ôóíêöèþ

f (z) =
∞
å
n=0

z−n =
1

1− z−k
.

î÷åâèäíî, ÷òî d f (z)
dz

=
∞
å
n=0

−nz−n−1 = −z−1
∞
å
n=0

nz−n. Òàêèì îáðàçîì,
∞
å
n=0

nz−n =−zd f (z)
dz

=
z−1

(1− z−1)2
.

7.1 Ñâîéñòâà Z�ïðåîáðàçîâàíèÿ
Ëèíåéíîñòü:

Z{axn +byn}= aZ{xn}+bZ{yn}.

∞
å
n=0

(axn +byn)z−n =
∞
å
n=0

axnz−n +
∞
å
n=0

bynz−n =

= a
∞
å
n=0

xnz−n +b
∞
å
n=0

ynz−n = aX (z) +bY (z).

Ïåðâàÿ òåîðåìà ñìåùåíèÿ:

Z{xn−k}= z−kZ{xn}

ïðè óñëîâèè, ÷òî ïðè n < 0 ïðèíèìàåòñÿ xn = 0.
Z�ïðåîáðàçîâàíèå äëÿ çàäåðæàííîé ïîñëåäîâàòåëüíîñòè ðàâíî

Z{xn−k}=
∞
å
n=0

xn−kz−n.

Ïîëîæèâ m = n− k, ïîëó÷èì ðàâåíñòâî

∞
å

m=−k
xmz−(m+k) = z−k

∞
å

m=−k
xmz−m,
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êîòîðîå ìîæåò áûòü ïåðåïèñàíî ñëåäóþùèì îáðàçîì:

Z{xn−k}= z−k
[
x−kzk + . . .+ x−1z+

∞
å
m=0

xmz−m
]

=

= z−kX (z) + x−k + . . .+ x−1z−(k−1) = z−kX (z).

Íåîáõîäèìî îòìåòèòü ÷òî, âîîáùå ãîâîðÿ, íåîáõîäèìî ó÷åñòü çíà÷å-
íèÿ ïîñëåäîâàòåëüíîñòè xn ïðè n < 0, ò. å. âàæíóþ ðîëü íà÷èíàþò èãðàòü
íà÷àëüíûå óñëîâèÿ.

Âòîðàÿ òåîðåìà ñìåùåíèÿ:

Z{xn+1}= z(X (z)− x0)
Z{xn+2}= z2(X (z)− x0− x1z−1)
Z{xn+3}= z3(X (z)− x0− x1z−1− x2z−2)
. . . . . . . . . . . . . . . . . . . . . . . .

Z{xn+k}= zk
(
Z{xn}− x0− x1z−1− . . .− xk−1z−(k−1)

)
.

Ñâåðòêà: Z-ïðåîáðàçîâàíèå äèñêðåòíîé ñâåðòêè äâóõ ïîñëåäîâàòåëü-
íîñòåé ðàâíî ïðîèçâåäåíèþ Z-ïðåîáðàçîâàíèé ýòèõ ïîñëåäîâàòåëüíî-
ñòåé.

Ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè {xn} è {yn}. Z-ïðåîáðàçîâàíèå
÷èñëîâîé ñâåðòêè ýòèõ ïîñëåäîâàòåëüíîñòåé

xn ∗ yn =
∞
å
k=0

xkyn−k =
∞
å
k=0

ykxn−k

èìååò âèä
∞
å
n=0

(xn ∗ yn)z−n =
∞
å
n=0

∞
å
k=0

xkyn−kz−n =
∞
å
k=0

∞
å
n=0

xkyn−kz−n =

=
∞
å
k=0

xkz−k
∞
å
n=0

yn−kz−(n−k) =
∞
å
k=0

xkz−kY (z)

= Y (z)
∞
å
k=0

xkz−k = Y (z)X (z).

Çäåñü ìû ñíîâà âîñïîëüçîâàëèñü òåì, ÷òî yk = 0 ïðè k < 0. Èòàê,

Z{xn ∗ yn}= Z{xn}Z{yn}.
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7.2 Îáðàòíîå Z-ïðåîáðàçîâàíèå

Âåñüìà âàæíî óìåòü ïåðåéòè íå òîëüêî îò ïîñëåäîâàòåëüíîñòè
ê åå Z-ïðåîáðàçîâàíèþ, íî è, îáðàòíî, îò Z-ïðåîáðàçîâàíèÿ ê ïî-
ñëåäîâàòåëüíîñòè. Ñïîñîá îáðàòíîãî ïåðåõîäà íàçûâàåòñÿ îáðàòíûì
Z-ïðåîáðàçîâàíèåì è ôîðìàëüíî îïðåäåëÿåòñÿ ñîîòíîøåíèåì

xn = Z−1{X (z)}=
1
2pi

∫

C

X (z)zn−1 dz, (13)

ãäå C � çàìêíóòûé êîíòóð, îõâàòûâàþùèé âñå îñîáåííîñòè ôóíêöèè
X (z)zn−1.

Îáðàòíîå Z-ïðåîáðàçîâàíèå ìîæíî íàéòè íåñêîëüêèìè ñïîñîáàìè:
ïðÿìûì âû÷èñëåíèåì èíòåãðàëà (13) ñ èñïîëüçîâàíèåì òåîðåìû î âû-
÷åòàõ; ðàçëîæåíèåì X (z) íà ïðîñòûå äðîáè.

Ïåðâûé ñïîñîá îñíîâàí íà èçâåñòíîé òåîðåìå èç òåîðèè ôóíêöèé
êîìïëåêñíîãî ïåðåìåííîãî, óòâåðæäàþùåé, ÷òî êîíòóðíûé èíòåãðàë (13)
ìîæåò áûòü âû÷èñëåí íåïîñðåäñòâåííî ÷åðåç âû÷åòû:

xn = å
i
res
zi
X (z)zn−1.

Åñëè ïðåîáðàçîâàíèå ïðåäñòàâëÿåò ñîáîé äðîáíî-ðàöèîíàëüíóþ
ôóíêöèþ, îáðàòíîå ïðåîáðàçîâàíèå ïðîèçâîäèòñÿ ìåòîäîì ðàçëîæåíèÿ
íà ýëåìåíòàðíûå äðîáè ñ ïîñëåäóþùèì ïî÷ëåííûì îáðàùåíèåì ñ
ïîìîùüþ òàáëèöû ïðåîáðàçîâàíèé.

Äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ àïïàðàòà Z-ïðåîáðàçîâàíèÿ ñóùå-
ñòâóþò ñïåöèàëüíûå òàáëèöû, ïîçâîëÿþùèå îïðåäåëÿòü ïðÿìûå è îáðàò-
íûå Z-ïðåîáðàçîâàíèÿ.

Òàáëèöà Z-ïðåîáðàçîâàíèé
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� xn X (z) = Z{xn}ï/ï.

1 1
1

1− z−1

2 (−1)n 1
1+ z−1

3 an 1
1−az−1

4 n z−1

(1− z−1)2

5 n2 z−1 + z−2

(1− z−1)3

Ïðèìåð 9. Ïóñòü X (z)= z−2

(1−0,5z−1)(1−0,25z−1)
. Ó÷èòûâàÿ, ÷òî ïðè

n = 0 ïîëþñû zn−1X (z) èìåþò çíà÷åíèÿ z1 = 0, z2 = 0,5, z3 = 0,25, à ïðè
n > 1 � z1 = 0,5, z2 = 0,25, ïîëó÷àåì

xn =





0 ïðè n = 0

4 ·0,25n−1(2n−1−1) ïðè n > 1.

Ïðèìåð 10. Ðàçëîæåíèå X (z) íà ïðîñòûå äðîáè.

X (z) =
11− z−1− z−2

1− 1
6
z−1− 1

6
z−2

.

Ìîæíî ðàçëîæèòü X (z) íà ïðîñòûå äðîáè:

X (z) = 6+
3

1− 1
2
z−1

+
2

1+
1
3
z−1

Ñ ó÷åòîì òîãî, ÷òî êàæäîå ñëàãàåìîå èìååò îáðàòíîå Z-ïðåîáðàçîâàíèå,
ïîëó÷èì

xn = 6dn +3
(
1
2

)n
+2

(
−1
3

)n
=





11 ïðè n = 0

3
(
1
2

)n
+2

(
−1
3

)n
ïðè n > 1.
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